ON A SET OF POLARIZED KAHLER METRICS ON ALGEBRAIC MANIFOLDS
•
*(£)• where D is the covariant derivative with respect to the metric g, R(g m ) and R(g) are the curvature tensors of g m and g, respectively, and 0(1/y/m) means a constant bounded by C/y/m with C depending only on the metric g the norm || || is taken with respect to the metric g.
In particular, the theorem implies that the g m converge to g in the C -topology on the space S M of all symmetric covariant 2-tensors. It is likely that the g m actually converge to g in the C°° -topology on S 2 M. When M is naturally polarized by its canonical line bundle, the theorem solves a problem of S. T. Yau [15] ; the problem asks whether or not the Kahler-Einstein metric on M can be the limit of a sequence of Bergmann metrics induced by pluricanonical line bundles K™ . This problem of Yau is one of the motivations in proving the above theorem. As we have noticed, the Bergmann metric %φ* gψ$ depends on the choice of the basis {SQ 9 -,S™} of H°(M, L m ), so it depends on the metric g. But the set of Bergmann metrics P m = {^ψ* m gf S \o Ξ Aut(CP N>n )} is independent of the metric g . A corollary of Theorem A is the following density theorem.
Theorem B. Let M be an algebraic manifold with a polarization L. Then the union Um=i ?m ~ ^ ^ dense in Ka(Λ/) in the C 2 -topology induced by the one on S 2 M, where Ka(Af) and P m are defined as above. One can regard the Kahler metric in P as the metric defined by polynomials on M. Hence, both Theorems A and B are analogues of the famous Stone's approximation theorem on the space of continuous functions in the case of Kahler geometry. In particular, Theorem A and Theorem B imply that any function ψ can be approximated by the logarithm of polynomials whenever ω+ddψ > 0 for an L-polarized Kahler form ω. Such a function is sometimes said to be almost pluriharmonic. These theorems also throw light on making use of the variational method in finding extremal Kahler metrics [2] , such as Kahler-Einstein metrics. For instance, one can first study whether or not there is a Kahler metric g in P which reaches the minimum of the functional of an zΛnorm of scalar curvature [2] on P m . Then one considers the convergence of those g m as m goes to infinity. Note that the group PGL(N m +1) = A\x\(CP Nm ) acts naturally on the set P m the latter is dominated by the affine space C Nfn . If this action is proper for the functional of an zΛnorm of scalar curvature, then it admits a minimum on P m . The properness of the group action might be related to the stability of M in the Chow variety as defined in [9] . It is another motivation of proving these theorems for studying the connection between the existence of Kahler-Einstein metrics on M and Mumford's stability.
The proof is based on Hόrmander's iΛestimate of the ^-operator [6] ; it is local in nature. Therefore, we can generalize Theorem A to complete Kahler manifolds with some conditions on Ricci curvature (see §4, Theorem 4.1). 
where ω is a Kahler form on Ύ, C depends only on λ and X, and (-Ric(g))
n is the n-exterior product of -Ric(g), similar to ω n~ι .
In the case that X is a quasiprojective surface, we can say more about the extension of Ric(#) in the above theorem. This is stated in Theorem 5.1 in §5.
The organization of this paper is as follows. In §1, we construct L 2 -holomorphic global peak sections of L m with the zΛnorm almost concentrated at one point, i.e., the peak point. The tool used for this is Hόrmander's ίΛestimate for 5-operator [6] . In §2, we calculate the Taylor expansion of the peak section constructed in § 1 at the peak point. In §3, we use those peak sections of L m constructed in §1 to prove Theorem A. Theorem B easily follows from Theorem A. In §4, we consider the generalization of Theorem A to noncompact, complete Kahler manifolds. Then in §5 we will use the generalization of Theorem A to prove Theorem C. We end the section with an improvement of Theorem C in the case of complex surfaces (Theorem 5.1). In §6, we discuss briefly the application of Theorem A or B to evaluating the holomorphic invariant introduced in [11] .
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Construction of peak global sections of some line bundles
Let M be an ^-dimensional algebraic manifold with a polarization L, and let g be a polarized Kahler metric with respect to I. 
Taylor expansions of the peak sections
In this section, we will evaluate λ, n^ to obtain the Taylor expansions of the peak sections constructed in the last section. It is well known that the sectional curvature tensor is dominated by the holomorphic sectional curvature. Thus in order to prove Theorem A, it is sufficient to prove that
The proof of Theorem
where 0{\/s/m) denotes a quantity dominated by C/φn with C independent of x 0 and μ, and the covariant derivative D is taken with respect to the metric g. By using Proposition 2.1 to construct S i and proceeding as above, we have eή Hence (iii) and (iv) follow. By similar arguments, one can prove that (d 3 
f™/'dz\)(x Q ) = O(m n/2 ).
To finish the proof of (ii), it remains to evaluate (9/ 1 w /9z 1 )(x 0 ). For this purpose, we simply take the section S constructed in Proposition 2.1 for μ = (1, 0, , 0), and express it in terms of {^m} as follows:
One sees immediately that β 0 = 0 and β. = O(±) for j > 2 by Lemma 3.1, so we obtain the evaluation of (df™/dz { )(x 0 ) required in the statement of (ii). Now we are ready to prove the estimate (3.3). We split the proof into the following four lemmas, and note that we may assume y μ = z { . 
The estimate (3.3) follows from Lemmas 3.3-3.6. Hence Theorem A is proved. Obviously, Theorem B follows from Theorem A.
Remark. It is likely that one can estimate the difference between g m and g up to higher derivatives, but one should have a neater method. For Riemann surfaces we can show that g m converges to g in C 3 -topology by computations analogous to the above ones.
Generalizations to noncompact manifolds
It is easy to see that the previous proof for Theorem A is local in nature. This makes us believe that some generalizations of it should be possible for noncompact Kahler manifolds. Let X be a complete Kahler manifold with Kahler metric g and let L be a line bundle on X with a hermitian metric h and Ricci curvature Ric(Λ) greater than εmax{ω^, -Ric(#)} for some e > 0. Denote by H^2 ) ( 
where the covariant derivative D is taken with respect to g, and \\-\\ is a norm on tensors induced by g. In the case that (X, g) is a complete Kάhler-Einstein manifold with

The proof of Theorem C
In this section, we will use Theorem 4.1 to prove Theorem C. We start with the following lemma. where C is a positive constant, and h x is the hermitian metric on Kγ\ u n x induced by g x .
On the other hand, by our assumption on Ric(g) and Yau's generalized Schwartz lemma [14] , the volume form of g uniformly dominates that of g x on U X Γ\X, i.e., where p z = lim m _^o o p / m /m , 0 < p i < 1. Hence Theorem C is proved. Before we end this section, we give an improved version of Theorem C in the case n = 2 for later use. For example, by using this improved version of Theorem C and some tricks for solving complex Monge-Ampere equations, one can prove that the volume of a complete Kahler-Einstein metric on a quasiprojective surface is always a rational number. In fact, one should be able to prove that the volume is an integer. 
Remark. In the joint work [12] by S. T. Yau and the author, we prove that the quasiprojective manifold X admits an "almost" complete KahlerEinstein metric with negative Ricci curvature if X = X-D with D normal crossing and Kj + D positive in X and numerically positive in X. Note that such a metric which we constructed on X should be complete. This makes us believe that all p i in Theorem 5.1 are actually equal to one.
A final remark
Let (AT, g) be a compact Kahler manifold with positive first Chern class and the metric g naturally polarized by the ample anticanonical line bundle K^1 on M, i.e., ω g represents C λ (M). There is an unsolved problem of E. Calabi whether or not M admits a Kahler-Einstein metric with positive scalar curvature. In general, there are obstructions to the existence of such a Kahler-Einstein metric. They were found by Matsushima [8] , Futaki [4] , Donaldson [3] , and Uhlenbeck and Yau [13] . However, in [11] a numerical criterion is given for the existence of Kahler-Einstein metrics on M. Such a criterion is expressed in terms of a holomorphic invariant a(M). We will recall the definition of this invariant later. This a(M) is an analogue of the conformal invariant in the study of Yamabe's equation [1] , [10] .
Let G be a maximal compact group in the automorphism group Aut(M) of M, and let the metric g be G-invariant. Define This proposition turns the estimate of a(M) into the evaluation of some rational integrals. But it is still hard to deal with the estimate since we must compute infinitely many integrals. So we propose the following approach. One can define, for m large, 
